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EXTENSIONS AND DEFORMATIONS OF ALGEBRAS WITH HIGHER
DERIVATIONS
APURBA DAS
Abstract. Higher derivations on an associative algebra generalizes higher order derivatives. We
call a tuple consisting of an algebra and a higher derivation on it by an AssHDer pair. We
define a cohomology for AssHDer pairs with coefficients in a representation. Next, we study
central extensions, abelian extensions of AssHDer pairs and relate them to the second cohomology
group with appropriate coefficients. Deformations of AssHDer pairs are also considered which are
governed by the cohomology with self coefficient.
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1. Introduction
Let A be an associative algebra. A linear map d : A→ A is called a derivation on A if d satisfies
d(ab) = d(a)b + ad(b), for all a, b ∈ A. Derivations are generalization of usual derivatives. They
are important object to study algebras. They are also useful to construct deformation formulas [4],
homotopy Lie algebras [25] and they have applications in control theory, gauge theories in quantum
field theory [1,2] and differential Galois theory [20]. Algebras with derivations are studied from
operadic point of view in [19]. Recently, Lie algebras with derivations (called LieDer pairs) are
studied from cohomological perspectives and extension, deformation of LieDer pairs are considered
[24]. These results has been extended to associative algebras and Leibniz algebras with derivations
(AssDer pairs and LeibDer pairs) in [7,8].
If d is a derivation on A, then the sequence of maps {d1, . . . , dN} on A defined by dk =
dk
k! satisfy
the following relations
dk(ab) =
∑
i+j=k
di(a)dj(b), (1)
for k = 1, . . . , N , with the convention that d0 = idA. This motivates the notion of higher derivations.
More precisely, a finite sequence {d1, . . . , dN} of linear maps on A is said to be a higher derivation
of rank N on A if they satisfy the identities (1). Higher derivations were introduced by Hasse and
Schmidt [16], therefore, they are also called Hasse-Schmidt derivations. Not all higher derivations
arise from derivations in the above way. In [21,23] the authors proved that each higher derivation on
A is a combination of compositions of derivations, hence, characterize all higher derivations in terms
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of derivations on A. Higher derivations on triangular algebras are considered in [26]. See [11,17,28]
for more results about higher derivations. Higher derivations are useful in theory of automorphisms
of complete local rings. In fact, higher derivations can be applied to the Galois theory of fields, to
universal higher derivations and to separability criteria [9,27].
An algebra A together with a distinguished higher derivation {d1, . . . , dN} is called an AssHDer
pair. In this paper, we study AssHDer pairs from cohomological perspectives. We define represen-
tations of AssHDer pairs and construct the semi-direct product. Higher derivations on Lie algebras
are also studied. The standard commutator gives rise to a functor from the category of AssHDer
pairs to the category of LieHDer pairs. The universal enveloping algebra construction gives rise to a
functor left adjoint to the above functor. We define cohomology of AssHDer pairs with coefficients
in a representation. This is a generalization of the cohomology of AssDer pairs introduced in [7].
Next we study central extension of AssHDer pairs and show that isomorphism classes of central
extensions are classified by the second cohomology group of AssHDer pair with trivial representation
(Theorem 4.4). We also consider abelian extensions of an AssHDer pair and show that they are
classified by the second cohomology with arbitrary representation (Theorem 5.3). The classical
deformation theory of Gerstenhaber [12] has been extended to AssDer pairs in [7]. Here we further
extend this approach to AssHDer pairs. The vanishing of the second cohomology of an AssHDer
pair implies that the structure is rigid (Theorem 6.6). Given a finite order deformation, we associate
a third cocycle, called the obstruction cocycle (Proposition 6.7). When this cocycle is a coboundary,
the deformation extends to a deformation of next order. As a consequence, the vanishing of the
third cohomology implies that any finite order deformation is always extensible (Theorem 6.9).
We end this paper with some further discussions. All vector spaces and linear maps in this paper
are over a field K of characteristic zero.
2. Higher derivations and AssHDer pairs
In this section, we recall higher derivations and construct free higher derivation on a vector
space with linear maps. We also define higher derivations on Lie algebras and give some functorial
constructions.
Let A be an associative algebra.
2.1. Definition. A higher derivation (of rank N) on A is a finite sequence {d1, . . . , dN} of linear
maps on A satisfying the following identities
dk(ab) =
∑
i+j=k
di(a)dj(b), (2)
for k = 1, . . . , N and a, b ∈ A, with the convention that d0 = idA.
It follows from (2) that d1 is a derivation on A. In particular, if d is a derivation on A then {d} is
a higher derivation of rank 1. In fact, if d is a derivation on A then {d1 = 0, . . . , di = d, . . . , dN = 0}
is a higher derivation of rank N .
2.2. Remark. Note that, if A is an associative algebra, then A[[t]]/(tN+1) has an associative algebra
structure with the product induced from that of A. Then a higher derivation on A is same as a
morphism of algebras
A→ A[[t]]/(tN+1), a 7→ a+ d1(a)t+ · · ·+ dN (a)t
N .
An associative algebra A together with a higher derivation of rank N is called an AssHDer pair
of rank N . An AssHDer pair as above may be denoted by the tuple (A, d1, . . . , dN ).
2.3. Example. • Let d be a derivation on A. Then {d, d
2
2! , . . . ,
dN
N ! } is a higher derivation of
rank N . Such higher derivations are called ordinary higher derivations. Thus, in the poly-
nomial algebra A = K[x1, . . . , xn], the divided power operators {
∂
∂xi
, 12!
∂2
∂2xi
, . . . , 1
N !
∂N
∂Nxi
}
forms a higher derivation of rank N on A. This example shows that higher derivations are
generalization of higher derivatives.
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• Let A be an associative algebra and x ∈ A be any fixed element. Then the maps
dn(a) := x
n−1(xa− ax), for a ∈ A and 1 ≤ n ≤ N
forms a higher derivation of rank N [22].
• Let {d1, . . . , dN} be a higher derivation on A. For any 1 ≤ q ≤ N , we define a new sequence
{d′1, . . . , d
′
N} of linear maps by
d′k =


0 if q ∤ k,
ds if k = sq.
Then {d′1, . . . , d
′
N} is a higher derivation of rank N [22,26].
• Let A be an unital associative algebra. Suppose there exist two sequences {x1, . . . , xN} and
{y1, . . . , yN} of elements in A satisfying the conditions
∑n
i=0 xiyn−i = δn0 =
∑n
i=0 yixn−i
(with the convention that x0 = y0 = 1A). Then the maps dn : A→ A, 1 ≤ n ≤ N , defined
by
dn(a) =
n∑
i=0
xiayn−i
forms a higher derivation of rank N . This kind of higher derivations are called inner higher
derivations [26].
2.4. Definition. Let (A, d1, . . . , dN ) and (A
′, d′1, . . . , d
′
N ) be two AssHDer pairs of rank N . A
morphism between them is given by an algebra morphism f : A→ A′ satisfying
d′k ◦ f = f ◦ dk, for k = 1, . . . , N.
It is called an isomorphism if f is an isomorphism.
Let V be a vector space and d : V → V be a linear map. Then d induces a derivation d on the
tensor algebra T (V ) (resp. reduced tensor algebra (T (V )) by
d(v1 ⊗ · · · ⊗ vn) =
n∑
i=1
v1 ⊗ · · · ⊗ dvi ⊗ · · · ⊗ vn.
The pair (T (V ), d) is infact a free AssDer pair over (V, d). See [7] for details. Here we extend this
construction for AssHDer pairs.
Let (V, ϑ1, . . . , ϑN ) be a vector space together with linear maps. These linear maps induce maps
ϑ1, ϑ2, . . . , ϑN on the tensor algebra T (V ) as
ϑ1(v1 ⊗ · · · ⊗ vn) =
n∑
i=1
v1 ⊗ · · · ⊗ ϑ1vi ⊗ · · · ⊗ vn,
ϑ2(v1 ⊗ · · · ⊗ vn) =
n∑
i=1
v1 ⊗ · · · ⊗ ϑ2vi ⊗ · · · ⊗ vn +
∑
i<j
v1 ⊗ · · · ⊗ ϑ1vi ⊗ · · · ⊗ ϑ1vj ⊗ · · · ⊗ vn,
ϑ3(v1 ⊗ · · · ⊗ vn) =
n∑
i=1
v1 ⊗ · · · ⊗ ϑ3vi ⊗ · · · ⊗ vn +
∑
i<j
v1 ⊗ · · · ⊗ ϑ2vi ⊗ · · · ⊗ ϑ1vj ⊗ · · · ⊗ vn
+
∑
i<j
v1 ⊗ · · · ⊗ ϑ1vi ⊗ · · · ⊗ ϑ2vj ⊗ · · · ⊗ vn
+
∑
i<j<k
v1 ⊗ · · · ⊗ ϑ1vi ⊗ · · · ⊗ ϑ1vj ⊗ · · · ⊗ ϑ1vk ⊗ · · · ⊗ vn,
...
ϑk(v1 ⊗ · · · ⊗ vn) =
n∑
s=1
∑
p1+···+ps=k
∑
i1<···<is
v1 ⊗ · · · ⊗ ϑp1vi1 ⊗ · · · ⊗ ϑp2vi2 ⊗ · · · ⊗ ϑpsvis ⊗ · · · ⊗ vn,
...
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for v1 ⊗ · · · ⊗ vn ∈ T (V ). With these notations, we have the following.
2.5. Proposition. The tuple (T (V ), ϑ1, . . . , ϑN ) is an AssHDer pair of rank N .
In the following, we show that it is a free AssHDer pair in a certain sense.
Let (V, ϑ1, . . . , ϑN ) be a vector space with linear maps. The free AssHDer pair over it is an
AssHDer pair (F(V ), δ1, . . . , δN ) with a linear map i : V → F(V ) satisfying δk ◦ i = i ◦ ϑk, for
k = 1, . . . , N and satisfying the following universal conditions:
For any AssHDer pair (A, d1, . . . , dN ) and a linear map f : V → A satisfying dk ◦ f = f ◦ ϑk, there
exists an unique AssHDer pair morphism f˜ : F(V )→ A satisfying f˜ ◦ i = f.
2.6. Proposition. Let (V, ϑ1, . . . , ϑN ) be a vector space with linear maps. Then (T (V ), ϑ1, . . . , ϑN )
together with the inclusion map i : V → T (V ) is a free AssHDer pair over (V, ϑ1, . . . , ϑN ).
2.1. Higher derivations on Lie algebras. Let (g, [ , ]) be a Lie algebra. A derivation on g is
given by a linear map φg : g→ g satisfying
φg[x, y] = [φgx, y] + [x, φgy], for all x, y ∈ g.
In [24] the authors call the pair (g, φg) of a Lie algebra and a derivation by a LieDer pair. Here we
introduce higher derivations on a Lie algebra similar to the case of associative algebras.
2.7. Definition. A higher derivation (of rank N) on a Lie algebra (g, [ , ]) consists of a finite
sequence {φ1, . . . , φN} of linear maps on g satisfying
φk[x, y] =
∑
i+j=k
[φi(x), φj(y)], for k = 1, . . . , N and x, y ∈ g.
We call the tuple (g, φ1, . . . , φN ) of a Lie algebra and a higher derivation on it by a LieHDer pair
of rank N . Morphism between LieHDer pairs of same rank can be defined similarly. We denote the
category of LieHDer pairs by LieHDer.
Let (A, d1, . . . , dN ) be an AssHDer pair. Consider the Lie algebra structure on A given by the
commutator bracket [a, b]c = ab − ba, for a, b ∈ A. We denote this Lie algebra by Ac. It can be
easily verify that the sequence {d1, . . . , dN} is a higher derivation of rank N on the Lie algebra Ac
as
dk[a, b]c = dk(ab− ba) =
∑
i+j=k
(di(a)dj(b)− dj(b)di(a))
=
∑
i+j=k
[di(a), dj(b)], for k = 1, . . . , N.
Therefore, it defines a functor ( )c : AssHDer→ LieHDer from the category of AssHDer pairs to
the category of LieHDer pairs. In the following, we construct a functor U : LieHDer→ AssHDer
left adjoint to the functor ( )c.
Let (g, φ1, . . . , φN ) be a LieHDer pair of rank N . Consider the universal enveloping associative
algebra U(g) of g. By definition, U(g) is the quotient of the tensor algebra T (g) by the two sided
ideal generated by the elements of the form x⊗ y − y ⊗ x− [x, y], for x, y ∈ g. Note that the linear
maps φ1, . . . , φN : T (g)→ T (g) (see Proposition 2.6) induces maps φ1, . . . , φN on U(g) as
φk(x⊗ y − y ⊗ x− [x, y]) =
∑
i+j=k
(φi(x)⊗ φj(y)− φj(y)⊗ φi(x)− [φi(x), φj(y)]).
Moreover, the maps {φ1, . . . , φN} constitute a higher derivation on U(g). In other words, {U(g), φ1, . . . , φN}
is an AssHDer pair of rank N . This construction is also functorial, hence, defines a functor
U : LieHDer→ AssHDer from the category of LieHDer pairs to the category of AssHDer pairs.
2.8. Proposition. The functor U : LieHDer → AssHDer is left adjoint to the functor ( )c :
AssHDer→ LieHDer.
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Proof. We have to prove that there is an isomorphism
HomAssHDer(U(g), A) ∼= HomLieHDer(g, Ac),
for any AssHDer pair (A, d1, . . . , dN ) and any LieHDer pair (g, φ1, . . . , φN ). Take any AssHDer pair
morphism f : U(g) → A. Its restriction to g is a Lie algebra morphism g → Ac and commute with
higher derivations. Hence it is a morphism of LieHDer pairs.
Conversely, for any LieHDer pair morphism h : g → Ac, one can extend it to an AssHDer pair
morphism h˜ : T (g)→ A. It induces a morphism
˜˜
h : U(g)→ A of AssHDer pairs as h is a LieHDer
pair morphism. Finally, it is easy to see that the above two correspondences are inverses to each
other. Hence the proof. 
3. Representations and Cohomology
In this section, we define representations and cohomology for an AssHDer pair. This generalizes
the cohomology of AssDer pair as introduced in [7].
3.1. Definition. Let (A, d1, . . . , dN ) be an AssHDer pair. A left module over it consists of a tuple
(M,dM1 , . . . , d
M
N ) in which M is a left A-module and d
M
1 , . . . , d
M
N are linear maps on M satisfying
dMk (am) =
∑
i+j=k
di(a)d
M
j (m), for k = 1, . . . , N
with convention that d0 = idA and d
M
0 = idM .
Similarly, a right module over (A, d1, . . . , dN ) consists of a tuple (M,d
M
1 , . . . , d
M
N ) in which M is
a right A-module and dM1 , . . . , d
M
N are linear maps on M satisfying
dMk (ma) =
∑
i+j=k
dMi (m)dj(a), for k = 1, . . . , N.
A bimodule (representation) over (A, d1, . . . , dN ) is a tuple (M,d
M
1 , . . . , d
M
N ) which is both left mod-
ule and right module and M is additionally an A-bimodule, i.e. (am)b = a(mb), for a, b ∈ A and
m ∈M .
It has been proved in [7] that given a representation of an AssDer pair gives rise to a semi-direct
product. We extend this result in the context of higher derivations.
3.2. Proposition. Let (A, d1, . . . , dN ) be an AssHDer pair of rank N and (M,d
M
1 , . . . , d
M
N ) be a
representation of it. Then (A⊕M,d1⊕ d
M
1 , . . . , dN ⊕ d
M
N ) is an AssHDer pair where the associative
algebra structure on A⊕M is given by the semi-direct product
(a,m)(b, n) = (ab, an+mb).
Proof. It is known that A ⊕ M equipped with the above product is an associative algebra [18].
Moreover, for any k ∈ {1, . . . , N}, we have
(dk ⊕ d
M
k )((a,m)(b, n)) = (dk(ab), d
M
k (an) + d
M
k (mb))
=
∑
i+j=k
(di(a)dj(b), di(a)d
M
j (n) + d
M
i (m)dj(b))
=
∑
i+j=k
(di(a), d
M
i (m))(dj(b), d
M
j (n))
=
∑
i+j=k
(di ⊕ d
M
i )(a,m)(dj ⊕ d
M
j )(b, n).
Hence the proof. 
One may also define representations of LieHDer pairs. Let (g, φ1, . . . , φN ) be a LieHDer pair of
rank N . A representation over it consists of a tuple (M,φM1 , . . . , φ
M
N ) in which M is a g-module and
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φM1 , . . . , φ
M
N are linear maps on M satisfying
φMk [x,m] =
∑
i+j=k
[φi(x), φ
M
j (m)], for x ∈ g,m ∈M and k = 1, . . . , N.
3.3. Proposition. Let (g, φ1, . . . , φN ) be a LieHDer pair. A representation over it is equivalent to
a left module over the AssHDer pair (U(g), φ1, . . . , φN ).
Proof. It is known that a g-module is equivalent to a left U(g)-module. More precisely, let M be a
left U(g)-module, then the g-module structure onM is given by [x,m] := xm, for x ∈ g and m ∈M .
Let (M,φM1 , . . . , φ
M
N ) be a left module over the AssHDer pair (U(g), φ1, . . . , φN ). Then the con-
ditions
φMk (xm) =
∑
i+j=k
φi(x)φ
M
j (m), for k = 1, . . . , N
are equivalent to φMk [x,m] =
∑
i+j=k [φi(x), φ
M
j (m)], for k = 1, . . . , N . Hence the result follows. 
In the next, we introduce a cohomology for an AssHDer pair with coefficients in a representation.
Before that, we introduce some notations.
Let (A, d1, . . . , dN ) be an AssHDer pair of rank N and (M,d
M
1 , . . . , d
M
N ) be a representation of it.
For any n ≥ 1, we define some new maps δk : Hom(A
⊗n,M)→ Hom(A⊗n,M), for k = 1, . . . , N , by
δkf =
∑
i1+···+in=k
f ◦ (di1 ⊗ · · · ⊗ din)− d
M
k ◦ f.
Moreover, for anyN -tuple (f1, . . . , fN ) of maps in Hom(A
⊗n,M), we define δ′Hoch(fk) ∈ Hom(A
⊗n+1,M),
for k = 1, . . . , N , by
δ′Hoch(fk)(a1, . . . , an+1) =
∑
i+j=k
di(a1)fj(a2, . . . , an+1) +
n∑
i=1
(−1)i fk(a1, . . . , aiai+1, . . . , an+1)
+ (−1)n+1
∑
i+j=k
fi(a1, . . . , an)dj(an+1), for k = 1, . . . , N.
The operator δ′Hoch is a modification of the classical Hochschild coboundary operator δHoch.
3.4. Remark. When (M,dM1 , . . . , d
M
N ) = (A, d1, . . . , dN ) there is a bracket generalizing the Ger-
stenhaber bracket [12] as follows. For any P ∈ Hom(A⊗m, A) and a tuple (f1, . . . , fN ) of maps in
Hom(A⊗n, A), we define [P, fk]N ∈ Hom(A
⊗m+n−1, A), for k = 1, . . . , N , by
[P, fk]N (a1, . . . , am+n−1)
:=
m∑
j=1
∑
i1+···+im=k
(−1)(j−1)(n−1) P
(
di1 (a1), . . . , fij (aj , . . . , aj+n−1), . . . , dim(am+n−1)
)
− (−1)(m−1)(n−1)
n∑
j=1
(−1)(j−1)(m−1)fk
(
a1, . . . , aj−1, P (aj, . . . , aj+m−1), . . . , am+n−1
)
.
Define [fk, P ]N := −(−1)
(m−1)(n−1)[P, fk]. This bracket satisfy similar properties as of Gerstenhaber
bracket. With this set-up, we have
δkf = −[dk, f ]N and δ
′
Hoch(fk) = (−1)
n−1[µ, fk]N .
The following two results are useful to define the coboundary operator of the cohomology of
AssHDer pair.
3.5. Proposition. The operator δ′Hoch satisfies (δ
′
Hoch)
2 = 0.
3.6. Lemma. We have δ′Hoch ◦ δk = δk ◦ δHoch, for k = 1, . . . , N .
We are now in a position to define the cohomology of the AssHDer pair. Define the space
C0AssHDer(A,M) of 0-cochains to be 0 and the space C
1
AssHDer(A,M) of 1-cochains to be Hom(A,M).
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The space of n-cochains CnAssHDer(A,M), for n ≥ 2, to be defined by
CnAssHDer(A,M) := Hom(A
⊗n,M)×Hom(A⊗n−1,M)× · · · ×Hom(A⊗n−1,M)︸ ︷︷ ︸
N times
.
We define a map ∂ : CnAssHDer(A,M)→ C
n+1
AssHDer(A,M) by
∂f = (δHochf ;−δ1f,−δ2f, . . . ,−δNf), for f ∈ C
1
AssHDer(A,M),
∂(f ; f1, . . . , fN ) = (δHochf ; δ
′
Hochf1 + (−1)
nδ1f, δ
′
Hochf2 + (−1)
nδ2f, . . . , δ
′
HochfN + (−1)
nδNf),
for (f ; f1, . . . , fN ) ∈ C
n
AssHDer(A,M), n ≥ 2.
3.7. Proposition. The map ∂ satisfies ∂2 = 0.
Proof. For any f ∈ C1AssHDer(A,M), we have
∂2f = ∂(δHochf ; −δ1f, . . . ,−δNf)
= ((δHoch)
2f ; −δ′Hochδ1f + δ1δHochf, . . . ,−δ
′
HochδNf + δNδHochf) = 0.
Similarly, for any (f ; f1, . . . , fN ) ∈ C
n
AssHDer(A,M) with n ≥ 2, we have
∂2(f ; f1, . . . , fN)
= ∂(δHochf ; δ
′
Hochf1 + (−1)
nδ1f, . . . , δ
′
HochfN + (−1)
nδNf)
=
(
(δHoch)
2f ; (δ′Hoch)
2f1 + (−1)
nδ′Hochδ1f + (−1)
n+1δ1δHochf, . . . ,
(δ′Hoch)
2fN + (−1)
nδ′HochδNf + (−1)
n+1δNδHochf
)
= 0.
Hence the proof. 
Therefore, {C∗AssHDer(A,M), ∂} forms a cochain complex. We denote the corresponding cohomol-
ogy groups by H∗AssHDer(A,M).
4. Central extensions
In this section, we study extensions of an AssHDer pair by a trivial AssHDer pair. The main
result of this section states that isomorphism classes of such extensions are classified by the second
cohomology of the AssHDer pair with coefficients in the trivial representation.
Let (A, d1, . . . , dN ) be an AssHDer pair and (M,d
M
1 , . . . , d
M
N ) be a trivial AssHDer pair (i.e. the
associative product of M is trivial).
4.1. Definition. A central extension of (A, d1, . . . , dN ) by (M,d
M
1 , . . . , d
M
N ) is an exact sequence of
AssHDer pairs
0 // (M,dM1 , . . . , d
M
N )
i
// (Â, d̂1, . . . , d̂N )
p
// (A, d1, . . . , dN ) // 0 (3)
satisfying i(m) · â = 0 = â · i(m), for all m ∈M and â ∈ Â.
In a central extension, we can identify M with the corresponding subalgebra of Â and with this
identification dMk = d̂k|M , for all k = 1, . . . , N .
4.2. Definition. Two central extensions (Â, d̂1, . . . , d̂N ) and (Â
′, d̂′1, . . . , d̂
′
N ) are said to be isomor-
phic if there is an isomorphism η : (Â, d̂1, . . . , d̂N ) → (Â
′, d̂′1, . . . , d̂
′
N ) of AssHDer pairs that makes
the following diagram commutative
0 // (M,dM1 , . . . , d
M
N )
i
// (Â, d̂1, . . . , d̂N )
p
//
η

(A, d1, . . . , dN ) // 0
0 // (M,dM1 , . . . , d
M
N )
i′
// (Â′, d̂′1, . . . , d̂
′
N )
p′
// (A, d1, . . . , dN ) // 0.
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Let (3) be a central extension. A section of the map p is given by a linear map s : A → Â such
that p ◦ s = idA.
For any section s, we define a map ψ : A⊗2 →M and maps χk : A→M (for k = 1, . . . , N) by
ψ(a, b) = s(a) · s(b)− s(ab) and χk(a) = d̂k(s(a))− s(dk(a)).
Note that the vector space Â is isomorphic to the direct sum A ⊕M via the section s. Therefore,
we may transfer the structures (product and linear maps) of Â to A⊕M . The product and linear
maps on A⊕M are given by
(a⊕m) · (b ⊕ n) = ab⊕ ψ(a, b),
dA⊕Mk (a⊕m) = dk(a)⊕ d
M
k (m) + χk(a), for k = 1, . . . , N.
4.3. Proposition. The vector space A⊕M equipped with the above product and linear maps dA⊕Mk
(for k = 1, . . . , N) forms an AssHDer pair if and only if (ψ;χ1, . . . , χN ) is a 2-cocycle in the
cohomology of the AssHDer pair A with coefficients in the trivial representation M . Moreover, the
cohomology class of (ψ;χ1, . . . , χN ) does not depend on the choice of the section s.
Proof. The tuple (A⊕M,dA⊕M1 , . . . , d
A⊕M
N ) is an AssHDer pair if and only if
((a⊕m) · (b ⊕ n)) · (c⊕ p) = (a⊕m) · ((b ⊕ n) · (n⊕ p)), (4)
dA⊕Mk ((a⊕m) · (b⊕ n)) =
∑
i+j=k
dA⊕Mi (a⊕m) · d
A⊕M
j (b ⊕ n), (5)
for all a⊕m, b⊕ n, c⊕ p ∈ A⊕M and k = 1, . . . , N . The condition (4) is equivalent to ψ(ab, c) =
ψ(a, bc), or, equivalently, δHochψ = 0. The condition (5) is equivalent to
dMk (ψ(a, b)) + χk(ab) =
∑
i+j=k
ψ(di(a), dj(b)), for k = 1, . . . , N.
This is same as δ′Hochχk + δkψ = 0, for all k = 1, . . . , N . Therefore, (4) and (5) holds if and only if
∂(ψ;χ1, . . . , χN ) = 0.
Let s1, s2 be two sections of p. Define a map φ : A→M by φ(a) := s1(a)− s2(a). Then we have
ψ1(a, b) = s1(a) · s1(b)− s1(ab)
= (s2(a) + φ(a)) · (s2(b) + φ(b)) − s2(ab)− φ(ab)
= ψ2(a, b)− φ(ab) (as φ(a), φ(b) ∈M)
and
χ1k(a) = d̂k(s1(a))− s1(dk(a))
= d̂k(s2(a) + φ(a)) − s2(dk(a))− φ(φA(a))
= χ2k(a) + d
M
k (φ(a)) − φ(dk(a)), for k = 1, . . . , N.
This shows that (ψ1, χ11, . . . , χ
1
N ) − (ψ
2, χ21, . . . , χ
2
N) = ∂φ. Hence they correspond to the same
cohomology class. 
4.4. Theorem. Let (A, d1, . . . , dn) be an AssHDer pair and (M,d
M
1 , . . . , d
M
N ) be a trivial AssHDer
pair. Then the isomorphism classes of central extensions of A by M are classified by the second
cohomology group H2AssHDer(A,M).
Proof. Let (Â, d̂1, . . . , d̂N ) and (Â
′, d̂′1, . . . , d̂
′
N ) be two isomorphic central extensions and the isomor-
phism is given by η : Â→ Â′. Let s : A→ Â be a section of p. Then
p′ ◦ (η ◦ s) = (p′ ◦ η) ◦ s = p ◦ s = idA.
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This shows that s′ := η ◦ s is a section of p′. Since η is a morphism of AssHDer pairs, we have
η|M = idM . Thus,
ψ′(a, b) = s′(a) · s′(b)− s′(ab) = (η ◦ s)(a) · (η ◦ s)(b)− (η ◦ s)(ab)
= s(a) · s(b)− s(ab) = ψ(a, b)
and
χ′k(a) = d
Â′
k (s
′(a))− s′(dk(a)) = d
Â′
k (η ◦ s(a))− η ◦ s(dk(a))
= dÂk (s(a))− s(dk(a)) = χk(a).
Therefore, isomorphic central extensions give rise to same 2-cocycle, hence, correspond to same
element in H2AssHDer(A,M).
Conversely, let (ψ;χ1, . . . , χN) and (ψ
′;χ′1, . . . , χ
′
N ) be two cohomologous 2-cocycles. Therefore,
there exists a map φ : A→M such that
(ψ;χ1, . . . , χN)− (ψ
′;χ′1, . . . , χ
′
N ) = ∂φ.
The AssHDer pair structures on A ⊕M (given in Proposition 4.3) corresponding to the above 2-
cocycles are isomorphic via the map η : A⊕M → A⊕M given by η(a⊕m) = a⊕m+ φ(a). Hence
the proof. 
5. Abelian extensions
It is known that equivalence classes of abelian extensions of an associative algebra by a bimodule
are classified by the second Hochschild cohomology group [18]. In this section, we generalize this
result to AssHDer pairs.
Let (A, d1, . . . , dN ) be an AssHDer pair of rank N . Suppose (M,d
M
1 , . . . , d
M
N ) is a vector space
equipped with linear maps. It can be considered as an AssHDer pair in which M is given by the
trivial multiplication.
5.1. Definition. An abelian extension of (A, d1, . . . , dN ) by (M,d
M
1 , . . . , d
M
N ) is an exact sequence
of AssHDer pairs
0 // (M,dM1 , . . . , d
M
N )
i
// (E, dE1 , . . . , d
M
N )
p
// (A, d1, . . . , dN ) // 0 (6)
together with a K-splitting s : A→ E.
Such an extension induces a representation of (A, d1, . . . , dN ) on (M,d
M
1 , . . . , d
M
N ) given by am =
µE(s(a), i(m)) and ma = µE(i(m), s(a)), where µE denotes the associative multiplication on E.
This action is independent of the section s.
5.2. Definition. Two abelian extensions (E, dE1 , . . . , d
E
N ) and (E
′, dE
′
1 , . . . , d
E′
N ) are said to be equiv-
alent if there is a morphism Ψ : E → E′ of AssHDer pairs which makes the following diagram
commutative
0 // (M,dM1 , . . . , d
M
N )
// (E, dE1 , . . . , d
E
N )
p
//
Ψ

(A, d1, . . . , dN ) // 0
0 // (M,dM1 , . . . , d
M
N )
// (E′, dE
′
1 , . . . , d
E′
N )
p′
// (A, d1, . . . , dN ) // 0.
Let (A, d1, . . . , dN ) be an AssHDer pair and (M,d
M
1 , . . . , d
M
N ) be a representation of it. We denote
by Ext(A,M) the set of equivalence classes of abelian extensions in which the induced representation
of (A, d1, . . . , dN ) on (M,d
M
1 , . . . , d
M
N ) is the given one.
5.3. Theorem. There is a one-to-one correspondence H2AssHDer(A,M)
∼= Ext(A,M).
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Proof. Let (f ; f1, . . . , fN) ∈ C
2
AssHDer(A,M) be a 2-cocycle. In other words, we have δHochf = 0 and
δ′Hochfk + δkf = 0, for all k = 1, . . . , N . Consider the vector space E = A ⊕M with the following
structure maps
µE((a,m), (b, n)) = (ab, an+mb+ f(a, b)) and
dEk ((a,m)) = (dk(a), d
M
k (m) + fk(a)),
for k = 1, . . . , N . (Observe that when the 2-cocycle (f ; f1, . . . , fN ) is zero, this is the semi-direct
product. See Proposition 3.2.) The multiplication µE is associative as δHochf = 0. Moreover
{dE1 , . . . , d
E
N} is a higher derivation on E. Hence 0 → M → E → A → 0 is an abelian extension of
AssHDer pair with the obvious splitting.
Let (f ; f1, . . . , fN) and (f
′; f ′1, . . . , f
′
N) be two cohomologous 2-cocycles. Then there exists h ∈
C1AssHDer(A,M) = Hom(A,M) such that
(f ; f1, . . . , fN)− (f
′; f ′1, . . . , f
′
N ) = ∂h.
The corresponding AssHDer pair structures are related by the equivalence Ψ : E → E′, (a,m) 7→
(a,m+ h(a)). Hence the map H2AssHDer(A,M)→ Ext(A,M) is well defined.
Conversely, given any abelian extension (6) with splitting s, the vector space E is isomorphic to
A⊕M and with this identification s(a) = (a, 0). The maps i and p are the obvious ones with respect
to the above splitting. The map p is an algebra map implies that p ◦ µE((a, 0), (b, 0)) = ab. This
implies that µE((a, 0), (b, 0)) = (ab, f(a, b)), for some f ∈ Hom(A
⊗2,M). The associativity of µE
implies that δHochf = 0. Moreover, since p ◦ d
E
k = dk ◦ p, we have d
E
k (a, 0) = (dk(a), fk(a)), for some
fk ∈ Hom(A,M), for k = 1, . . . , N . The sequence {d
E
1 , . . . , d
E
N} is a higher derivation implies that
δ′Hochfk + δkf = 0, for k = 1, . . . , N.
Hence (f ; f1, . . . , fN ) ∈ C
2
AssHDer(A,M) is a 2-cocycle.
Similarly, one can show that any two equivalent extensions (E, dE1 , . . . , d
E
N ) and (E
′, dE
′
1 , . . . , d
E′
N )
are related by a map E = A⊕M
Ψ
−→ A⊕M = E′ defined by Ψ(a,m) = (a,m+ h(a)), for some h ∈
Hom(A,M). Since Ψ is a morphism of AssHDer pairs, we have (f ; f1, . . . , fN )−(f
′; f ′1, . . . , f
′
N) = ∂h.
Here (f ′; f ′1, . . . , f
′
N) ∈ C
2
AssHDer(A,M) is the 2-cocycle induced from the extension E
′. Therefore,
the map Ext(A,M)→ H2AssHDer(A,M) is also well defined. Finally, the above two maps are inverses
to each other. Hence the proof. 
6. Formal deformations
The classical deformation theory of Gerstenhaber for associative algebras has been extended to
AssDer pairs in [7]. In this section, we further extend this to AssHDer pairs.
Let (A, d1, . . . , dN ) be an AssHDer pair of rank N . We denote the associative multiplication on
A by µ. Consider the space A[[t]] of formal power series in t with coefficients from A. Then A[[t]] is
a K[[t]]-module and when A is finite dimensional, we have A[[t]] ∼= A⊗K K[[t]].
A formal one-parameter deformation of the AssHDer pair (A, d1, . . . , dN ) consist of formal power
series
µt = µ0 + tµ1 + t
2µ2 + · · · ∈ Hom(A
⊗2, A)[[t]] with µ0 = µ,
d1,t = d1,0 + td1,1 + t
2d1,2 + · · · ∈ Hom(A,A)[[t]] with d1,0 = d1,
...
dN,t = dN,0 + tdN,1 + t
2dN,2 + · · · ∈ Hom(A,A)[[t]] with dN,0 = dN
such that (A[[t]], µt) is an associative algebra over K[[t]] and {d1,t, . . . , dN,t} constitute a higher
derivation of rank N on it.
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6.1.Remark. View the higher derivation {d1, . . . , dN} onA as an algebra morphismA→ A[[t]]/(t
N+1)
(see Remark 2.2). First observe that a deformation of the algebra A induces a deformation of the
algebra A[[t]]/(tN+1). With this view-point, a deformation of the AssHDer pair (A, d1, . . . , dN ) is a
deformation of the corresponding algebra morphism A→ A[[t]]/(tN+1) in the sense of Gerstenhaber
and Schack [13].
Therefore, in a formal one-parameter deformation of AssHDer pair, the following relations hold:
µt(µt(a, b), c) = µt(a, µt(b, c)) and dk,t(µt(a, b)) =
∑
i+j=k
µt(di,t(a), dj,t(b)), (7)
for k = 1, . . . , N . The above identities are equivalent to∑
i+j=n
µi(µj(a, b), c) =
∑
i+j=n
µi(a, µj(b, c)), for n ≥ 0,
∑
i+j=n
dk,i(µj(a, b)) =
∑
i+j=k
∑
p+q+r=n
µp(di,q(a), dj,r(b)), for n ≥ 0 and k = 1, . . . , N.
All the identities hold for n = 0 as (A, d1, . . . , dN ) is an AssHDer pair. For n = 1, we have
µ1(a, b)c+ µ1(ab, c) = aµ1(b, c) + µ1(a, bc), (8)
dk(µ1(a, b)) + dk,1(ab) =
∑
i+j=k
[
µ1(di(a), dj(b)) + di,1(a)dj(b) + di(a)dj,1(b)
]
, (9)
for k = 1, . . . , N . The condition (8) is equivalent to δHoch(µ1) = 0 whereas the conditions (9) are
equivalent to δ′Hoch(dk,1) + δk(µ1) = 0, for k = 1, . . . , N . Therefore, we have
∂(µ1; d1,1, . . . , dN,1) = 0.
Hence, we have the following.
6.2. Proposition. Let (µt; d1,t, . . . , dN,t) be a formal one-parameter deformation of an AssHDer
pair (A, d1, . . . , dN ). Then the linear term (µ1; d1,1, . . . , dN,1) is a 2-cocycle in the cohomology of the
AssHDer pair A with coefficients in itself.
The 2-cocycle (µ1; d1,1, . . . , dN,1) is called the infinitesimal of the deformation. In particular, if
(µ1; d1,1, . . . , dN,1) = · · · = (µn−1; d1,n−1, . . . , dN,n−1) = 0 and (µn; d1,n, . . . , dN,n) is non-zero, then
(µn; d1,n, . . . , dN,n) is a 2-cocycle.
Next we define a notion of equivalence between formal deformations of AssHDer pairs.
6.3. Definition. Let (µt; d1,t, . . . , dN,t) and (µ
′
t; d
′
1,t, . . . , d
′
N,t) be two deformations of an AssHDer
pair (A, d1, . . . , dN ). They are said to be equivalent if there exists a formal isomorphism Φt =∑
i≥0 t
iΦi : A[[t]] → A[[t]] with Φ0 = idA such that Φt is a morphism of AssHDer pairs from
(A[[t]], µt, d1,t, . . . , dN,t) to (A[[t]], µ
′
t, d
′
1,t, . . . , d
′
N,t).
In other words, we must have
Φt ◦ µt = µ
′
t ◦ (Φt ⊗ Φt) and d
′
k,t ◦ Φt = Φt ◦ dk,t, for k = 1, . . . , N.
They are equivalent to the following equations: for n ≥ 0,∑
i+j=n
Φi ◦ µj =
∑
p+q+r=n
µ′p ◦ (Φq ⊗ Φr),
∑
i+j=n
d′k,i ◦ Φj =
∑
p+q=n
Φp ◦ dk,q , for k = 1, . . . , N.
The above identities hold for n = 0. For n = 1, we have
µ1 +Φ1 ◦ µ = µ
′
1 + µ ◦ (Φ1 ⊗ id) + µ ◦ (id⊗ Φ1), (10)
dk ◦ Φ1 + d
′
k,1 = dk,1 + Φ1 ◦ dk, for k = 1, . . . , N. (11)
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It follows from (10) and (11) that
(µ1; d1,1, . . . , dN,1)− (µ
′
1; d
′
1,1, . . . , d
′
N,1) = ∂Φ1.
6.4. Proposition. The infinitesimals corresponding to equivalent deformations are cohomologous,
hence, correspond to a same cohomology class.
6.5. Definition. A deformation (µt; d1,t, . . . , dN,t) of an AssHDer pair is said to be trivial if it is
equivalent to the undeformed deformation (µ′t = µ; d
′
1,t = d1, . . . , d
′
N,t = dN ).
6.6.Theorem. If H2AssHDer(A,A) = 0 then every formal deformation of the AssHDer pair (A, d1, . . . , dN )
is trivial.
Proof. Let (µt; d1,t, . . . , dN,t) be a deformation of the AssHDer pair (A, d1, . . . , dN ). Then by Propo-
sition 6.2, the linear term (µ1; d1,1, . . . , dN,1) is a 2-cocycle. Therefore, it is a coboundary (follows
from the hypothesis), say (µ1; d1,1, . . . , dN,1) = ∂Φ1, for some Φ1 ∈ C
1
AssHDer(A,A) = Hom(A,A).
We set Φt = idA + tΦ1 : A[[t]]→ A[[t]] and define
µ′t = Φ
−1
t ◦ µt ◦ (Φt ⊗ Φt) and d
′
k,t = Φ
−1
t ◦ dk,t ◦ Φt, for k = 1, . . . , N. (12)
By definition, (µ′t; d
′
1,t, . . . , d
′
N,t) is equivalent to (µt; d1,t, . . . , dN,t). Moreover, it follows from (12)
that
µ′t = µ+ t
2µ′2 + · · · and d
′
k,t = dk + t
2d′k,2 + · · · , for k = 1, . . . , N.
In other words, the linear terms are vanish. By repeating this argument, we conclude the result. 
An AssHDer pair is said to be rigid if every deformation of it is equivalent to the undeformed
one. The above theorem says that the vanishing of the second cohomology is a sufficient condition
for the rigidity of an AssHDer pair.
6.1. Finite order deformations and their extensions. In this subsection, we consider the ex-
tension of a finite order deformation of an AssHDer pair to a deformation of next order. Given a
finite order deformation, we associate a 3-cocycle in the cohomology of the AssHDer pair, called the
obstruction cocycle. When the corresponding cohomology class is trivial, the deformation extends
to a deformation of next order.
Let (A, d1, . . . , dN ) be an AssHDer pair of rank N . A deformation of order n consist of sums
(µt; d1,t, . . . , dN,t) where
µt =
n∑
i=0
tiµi, d1,t =
n∑
i=0
tid1,i, . . . , dN,t =
n∑
i=0
tidN,i
such (A[[t]]/(tn+1), µt, d1,t, . . . , dN,t) is an AssHDer pair over K[[t]]/(t
n+1).
Therefore, the following identities must hold: for s = 0, 1, . . . , n,∑
p+q=s
µp(µq(a, b), c) =
∑
p+q=s
µp(a, µq(b, c)),
∑
p+q=s
dk,p(µq(a, b)) =
∑
i+j=k
∑
p+q+r=s
µp(di,q(a), dj,r(b)), for k = 1, . . . , N.
In other words, for s = 0, 1, . . . , n,
1
2
∑
p+q=s,p,q>0
[µp, µq] = − [µ, µs] (13)
and
∑
p+q=s,p,q>0
[dk,p, µq]N = − [dk, µs]N + [µ, dk,s]N , for k = 1, . . . , N. (14)
Let (µn+1; d1,n+1, . . . , dN,n+1) ∈ C
2
AssHDer(A,A) be a 2-cochain such that (µ
′
t = µt+t
n+1µn+1; d
′
1,t =
d1,t+ t
n+1d1,n+1, . . . , d
′
N,t = dN,t+ t
n+1dN,n+1) defines a deformation of order n+1. Therefore, the
EXTENSIONS AND DEFORMATIONS OF ALGEBRAS WITH HIGHER DERIVATIONS 13
above set of relations also holds for s = n+ 1,∑
p+q=n+1
µp(µq(a, b), c) =
∑
p+q=n+1
µp(a, µq(b, c)), (15)
∑
p+q=n+1
dk,p(µq(a, b)) =
∑
i+j=k
∑
p+q+r=n+1
µp(di,q(a), dj,r(b)), for k = 1, . . . , N. (16)
In such a case, we say that the deformation (µt; d1,t, . . . , dN,t) is extensible. Note that the identities
(15) and (16) can be written as
δHoch(µn+1)(a, b, c) =
∑
p+q=n+1,p,q>0
µp(µq(a, b), c)− µp(a, µq(b, c)) (= Ob(a, b, c) say)
(δ′Hoch(dk,n+1) + δkµn+1)(a, b) =
∑
p+q=n+1,p,q>0
dk,p(µq(a, b))−
∑
i+j=k
∑
p+q+r=n+1,p,q,r>0
µp(di,q(a), dj,r(b))
(= Obk(a, b) say)
for k = 1, . . . , N.
6.7. Proposition. The tuple (Ob;Ob1, . . . ,ObN ) is a 3-cocycle in the cohomology of the AssHDer
pair A with coefficients in itself.
Proof. It is known from the deformations of associative algebras [12] that Ob is a Hochschild 3-
cocycle, i.e. δHoch(Ob) = 0. We also have
δ′Hoch(Obk) + (−1)
3 δk(Ob)
= −[µ,Obk]N + [dk,Ob]N
= −
∑
i+j=n+1,i,j>0
[µ, [dk,i, µj]N ]N +
1
2
∑
i+j=n+1,i,j≥0
[dk, [µi, µj ]]N
= −
∑
i+j=n+1,i,j>0
(
[[µ, dk,i]N , µj ] + [dk,i, [µ, µj ]]N
)
+
1
2
∑
i+j=n+1,i,j>0
(
[[dk, µi]N , µj ] + [µi, [dk, µj ]N ]
)
= −
∑
i+j=n+1,i,j>0
(
[[µ, dk,i]N , µj ] + [dk,i, [µ, µj ]]N
)
+
∑
i+j=n+1,i,j>0
[[dk, µi]N , µj]
= −
∑
i+ j = n+ 1,
i, j > 0
(
[[µ, dk,i]N , µj ]− [[dk, µi]N , µj ]) +
1
2
∑
i+ j′ + j′′ = n+ 1,
i, j′, j′′ > 0
[dk,i, [µj′ , µj′′ ]]N (by (13))
= −
∑
i′+i′′+j=n+1,i′,i′′,j>0
[[dk,i′ , µi′′ ]N , µj]−
∑
i+j=n+1,i,j>0
([[dk, µi]N , µj ]− [[dk, µi]N , µj ])
+
1
2
∑
i+j′+j′′=n+1,i,j′,j′′>0
([[dk,i, µj′ ]N , µj′′ ] + [µj′ , [dk,i, µj′′ ]N ]) (by (14))
= −
∑
i′ + i′′ + j = n+ 1,
i′, i′′, j > 0
[[dk,i′ , µi′′ ]N , µj ] +
∑
i+ j′ + j′′ = n+ 1,
i, j′, j′′ > 0
[[dk,i, µj′ ]N , µj′′ ] = 0.
Thus
∂(Ob; Ob1, . . . ,ObN ) = (δHochOb; δ
′
Hoch(Ob1) + (−1)
3δ1(Ob), . . . , δ
′
Hoch(ObN ) + (−1)
3δN (Ob)) = 0.
Hence the proof. 
Therefore we have [(Ob,Ob1, . . . ,ObN )] ∈ H
3
AssHDer(A,A). If this cohomology class is trivial,
then there exists a 2-cocycle (µn+1; d1,n+1, . . . , dN,n+1) ∈ C
2
AssHDer(A,A) such that
∂(µn+1; d1,n+1, . . . , dN,n+1) = (Ob;Ob1, . . . ,ObN ).
Then by the previous discussion (µ′t = µt + t
n+1µn+1; d
′
1,t = d1,t + t
n+1d1,n+1, . . . , d
′
N,t = dN,t +
tn+1dN,n+1) is a deformation of order n+1. Thus, the deformation (µt; d1,t, . . . , dN,t) is extensible.
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Conversely, if the deformation (µt; d1,t, . . . , dN,t) is extensible, then the obstruction cocycle is given
by the coboundary ∂(µn+1; d1,n+1, . . . , dN,n+1). Hence the corresponding cohomology class is null.
6.8.Theorem. Let (µt; d1,t, . . . , dN,t) be a deformation of order n of the AssHDer pair (A, d1, . . . , dN ).
It is extensible if and only if the corresponding obstruction class [(Ob;Ob1, . . . ,ObN )] is null.
6.9. Theorem. If H3AssHDer(A,A) = 0 then every finite order deformation of A is extensible.
6.10. Corollary. If H3AssHDer(A,A) = 0 then every 2-cocycle in the cohomology of A is the infini-
tesimal of a formal deformation of A.
7. Conclusions
In this paper, we study associative algebras equipped with higher derivations. We call such a tuple
of an associative algebra and a higher derivation by AssHDer pair. We define a suitable cohomology
for an AssHDer pair with coefficients in a representation. This cohomology is related to extensions
of AssHDer pair and govern deformations of the structure.
Deformations of associative algebras can be generalized to operads with multiplications [5]. Var-
ious Loday-type algebras (e.g. dendriform algebras, tridendriform algebras, associative dialgebras,
quadri algebras) can be defined in terms of operad with multiplications. Therefore, deformations of
such algebras are particular cases. See [5,29] for cohomology of these Loday-type algebras. Given an
operad O with a multiplication m ∈ O(2) (i.e. m satisfies m◦1m = m◦2m), a sequence {d1, . . . , dN}
of elements in O(1) is called a higher derivation of rank N for m if they satisfy
dk ◦m =
∑
i+j=k
m ◦ (di, dj), for k = 1, . . . , N.
The method of the present paper can be generalized to study deformations of a tuple (m, d1, . . . , dN ).
Therefore, one may deduce deformations of Loday-type algebras equipped with higher derivations.
Deformations of algebras over a quadratic operad P are studied in [3]. In [19] the author defines
derivation in a P-algebra. In a subsequent paper, we aim to define higher derivations on P-algebras
and construct explicit cohomology and deformation theory of P-algebras with higher derivations.
7.1. Remark. Like derivations are generalization of usual derivative, Rota-Baxter operators on
associative algebras are generalization of the integral operator. Let A be an associative algebra. A
linear map R : A→ A is called a Rota-Baxter operator (of weight 0) on A if R satisfies
R(a)R(b) = R(aR(b) +R(a)b), for a, b ∈ A.
Free Rota-Baxter algebras over a vector space was defined in [10] using rooted trees. Deformations
of Rota-Baxter algebras are studied in [6]. See [14] for more details about Rota-Baxter algebras. By
generalizing higher integral operators, one may define the notion of higher Rota-Baxter operator of
rank N . More precisely, a higher Rota-Baxter operator of rank N consists of a sequence of linear
maps {R1, . . . , RN} satisfying the following identities
Rk(a)Rk(b) = Rk(
∑
i+j=k
Ri(a)Rj(b)), for k = 1, . . . , N
with the convention that R0 = idA. If R is a Rota-Baxter operator on A then it is easy to see that
{R, R
2
2! , . . . ,
RN
N ! } is a higher Rota-Baxter operator of rank N .
In [15] the authors also consider algebras with both differential operators and integral operators.
More precisely, a differential Rota-Baxter algebra (of weight 0) is an algebra A with a derivation
d and a Rota-Baxter operator R such that d ◦ R = idA. In a similar way, we may define higher
differential Rota-Baxter algebras. A higher differential Rota-Baxter algebra of rank N is an algebra
A with a higher derivation {d1, . . . , dN} and a higher Rota-Baxter operator {R1, . . . , RN} satisfying
dk ◦ Rk =
1
(k!)2 idA. In future, we come with more structural properties of higher Rota-Baxter
operators, higher differential Rota-Baxter algebras and the corresponding free objects.
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